Introduction
What is the optimal dividend strategy, that is, the strategy that maximizes the expectation of the discounted dividends until the possible ruin of a company ? De Finetti (1957) formulated the problem and solved it under the assumption that the surplus of the company is a discrete process, with steps of size plus or minus one only. In this model as well as in its continuous counterpart (where the surplus of the company is modeled by a Wiener process), the optimal strategy is a barrier strategy. Such a strategy is defined by a positive parameter b, which is the level of the dividend barrier. The modified surplus process is obtained from the original surplus process by reflection at the level b, and the dividend stream is the overflow. For each given b > 0, the value of the barrier strategy can be calculated explicitly; hence the optimal value of the parameter b can be determined.
Barrier strategies are the solution to a mathematical problem, but the resulting dividend stream is far from practical acceptance. Furthermore, if a barrier strategy is applied, ultimate ruin of the company is certain. These considerations lead to the idea of imposing restrictions on the nature of the dividend stream, resulting in optimization problems with additional constraints. Jeanblanc-Picqué and Shiryaev (1995) and Asmussen and Taksar (1997) postulated a bounded dividend rate, that is, that the dividends paid per unit time should not exceed an upper bound, which is denoted by α in the following. They show that the optimal dividend strategy is now a generalized barrier strategy, which we call a threshold strategy. According to such a strategy, dividends are paid at a constant rate α whenever the modified surplus is above the threshold b, and no dividends are paid whenever the modified surplus is below b. Thus the surplus process undergoes what might be called a stochastic refraction. Note that a threshold strategy is a bang-bang strategy.
The purpose of this note is to present some elementary and down-to-earth calculations in this context. In Sections 2 and 3, closed form expressions for the value of a threshold strategy with an arbitrary parameter b are obtained. Based on these, the optimal value of b is easily obtained in Section 4. Several characterizations of the optimal breakpoint are given in Section 5. In Section 6, the Laplace transform of the time to ruin is derived. If α is less than the drift of the Wiener process, ruin is not certain, and its probability is determined. In the opposite case, the distribution of the total (undiscounted) dividends until ruin is discussed in Section 7. In Section 8, it is shown how the higher order moments and the moment-generating function of the random variable of discounted dividends can be determined.
A review of the literature can be found in Taksar (2001) and Gerber and Shiu (2004a) . A recent paper by Boguslavskaya (2003) has generalized the model to the case where the company has a constant salvage value at ruin. Gerber and Shiu (2004b) study the problem in the classical setting -that the aggregate claims are modeled as a compound Poisson process. Li and Garrido (2005) study barrier strategies where the time between successive claims is the sum of a fixed number of independent exponential random variables.
The Wiener Process Model and Basic Results
Consider a company with initial surplus or equity x > 0. If no dividends were paid, the surplus at time t would be X(t) = x + µt + σW(t), t ≥ 0, (2.1) with µ > 0, σ > 0, and {W(t)} being a standard Wiener process. The company will pay dividends to its shareholders. For t ≥ 0, let D(t) denote the aggregate dividends paid by time t. It is assumed that the payment of dividends has no influence on the business.
Thus,
is the company's surplus at time t. As a reminder that there are dividend payments, we shall call X (t) the modified surplus. Let δ > 0 be the force of interest for valuation, and let D denote the present value of all dividends until ruin,
where
is the time of ruin.
We shall assume that the company pays dividends according to the following strategy governed by parameters b > 0 and α > 0. Whenever the modified surplus is below the level b, no dividends are paid. However, when the modified surplus is above b, dividends are paid continuously at a constant rate α. Thus the threshold b plays the role of a break point or a regime-switching boundary. With I(.) denoting the indicator function, an alternative expression for D is 
It follows that 15) where the coefficient G(b) is independent of x, and u is the negative root of the characteristic equation of (2.13), namely,
It is useful to rewrite (2.16) as u = −2δ
Using the continuity of the functions V(x; b) and V′(x; b) at x = b, we obtain from (2.9) and (2.15) the conditions: which is (2.11) in Gerber and Shiu (2004a) . Now, consider x > b, and rewrite (2.23) as 
which is consistent with (2.9).
For X(0) = x > b, let τ be the time when the modified surplus drops to the level b for the first time. Then
.
, we have
which is consistent with (2.23).
To 
Optimal Threshold
For given dividend rate α > 0, let b* be the optimal value of b, that is, the value that maximizes V(x; b). That this value does not depend on the initial surplus x can be seen as follows. From (2.9) and (2. as a preliminary result.
It seems that the higher the dividend rate α, the higher the optimal threshold b* need to be. We now verify this by showing the derivative db*/dα is positive. The value b* is a function of α through u, which is defined by (2.16). Let us write
From (2.16) and (2.12), we see that
and that u(α) is an increasing function of α. Thus u' > 0. Differentiating (4.2), we have by the chain rule
which is indeed positive for α > 0.
The expression on the right-hand side of (4.2) can be negative. It is 0 for u = r + s = -2µ/σ 2 . (4.6)
Applying this condition to (2.16), we find that the right-hand side of (4.2) vanishes if
Let us write
to emphasize its correspondence with the adjustment coefficient in classical risk theory.
It follows from (4.7) that the optimal value of b is given by (4.2) if
If condition (4.9) is violated, i.e., if
the optimal value of b is 0. Then the expected present value of dividends is
by (2.23). This formula follows also from the observation that the dividend stream is constant between time 0 and the time of ruin, and hence it can be evaluated as the difference between a perpetuity and a deferred perpetuity. With α = 1, formula (4.11) corresponds to the well-known life contingencies formula a y = 1 δ (1 -A y ).
Discussion of the Optimal Threshold
Throughout this section we assume that α is sufficiently large, so that (4.9) holds and the optimal value of b is given by (4.2).
The optimal threshold b* can be characterized by the condition that the second With the definition which has been obtained by Gerber (1972) . With α = ∞ and b* < ∞, ruin is certain.
However, µ/δ is identical to the present value of a perpetuity with continuous payments at a rate of µ. The intriguing formula (5.18) also follows from (5.10) and the result
Finally, we note that (5.19) implies q/α → 0, which is equivalent to (2.24).
The Distribution of T under a Threshold Strategy
Consider that the threshold strategy with threshold b being applied. We are interested in the distribution of the time of ruin, T. In this section, we calculate 
In particular, (6.13) which is needed for evaluating (6.5).
Remarks (i) In the limit α → ∞, we have u = 0. Then (6.12) is (3.7) in Gerber and Shiu (2004a) and can be found in Cox and Miller (1965, p. 233, Example 5.6 ).
(ii) Since δ > 0, respectively. Thus (6. 12) and (6.5) become (6.19) and (v) By (2.5), another relation between the functions V and L is
The situation where dividend payments do not end with ruin is of some mathematical interest. Let W(x; b), -∞ < x < ∞, denote the expectation of the present value of all dividends. Then, by considering
The function W(x; b) satisfies the differential equation (2.7), but for -∞ < x < b.
Because W(-∞; b) = 0, it follows that
Similarly,
The coefficients κ(b) and γ(b) are independent of x and are determined from the smooth This way, one finds that
The reader may now find it instructive to verify (2.22) and (2.23) by means of (6.25).
The Distribution of D(T)
If 0 < α < µ, ruin does not occur with positive probability 1 -ψ(x), and therefore the aggregate dividends are infinite with positive probability. Hence we assume α ≥ µ, so that D(T) is finite with certainty. Our first goal is to determine Subject to condition (7.7), the solution of (7.2) is M(x, y; b) = 1 -a(1 -e -Rx ), (7.8) where the coefficient a is determined by the continuity of the functions M(x, y; b) and As a check for formula (7.14), we consider α → ∞. We see from formula (7.6) that v → y. Hence, for 0 ≤ x ≤ b, (7.17) which is (6.2) in Gerber and Shiu (2004a) . and formulas (7.12) and (7.16), we can retrieve formulas (6.19) and (6.20), respectively. 
The Moments and the
which is the same as (4.3) in Gerber and Shiu (2004a) and generalizes (7.2) above. For
which generalizes (7.3). The boundary conditions are (7.7) and We set
is the k-th moment of D. Substitution of (8.5) in (8.2) and (8.3), with subsequent comparison of the coefficients of y k , yields the ordinary differential equations
for 0 < x < b, and From this and the fact that u j is a solution of (8.14), we obtain the recursion 
